A characterization of the foliation by spacelike slices of an (n + 1)-dimensional spatially closed Generalized Robertson-Walker spacetime is given by means of studying a natural mean curvature type equation on spacelike graphs. Under some natural assumptions, of physical or geometric nature, all the entire solutions of such an equation are obtained. In particular, the case of entire spacelike graphs in de Sitter spacetime is faced and completely solved by means of a new application of a known integral formula. Keywords: Generalized Robertson-Walker spacetime, foliation by spacelike hypersurfaces, nonlinear elliptic problem in divergence form, Calabi-Bernstein type result, entire spacelike graph with prescribed mean curvature.
Introduction
The study of spacelike hypersurfaces has a long and fruitful history in General Relativity [23] . Indeed, the existence of constant mean curvature spacelike (and in particular maximal) hypersurfaces is necessary for the study of the structure of singularities in the space of solutions of Einstein's equations [6] . Also, the deep understanding of this kind of hypersurfaces is essential to prove the positivity of the gravitational mass [31] . They are also interesting for numerical Relativity, where maximal hypersurfaces are used for integrating forward in time [21] .
Among classical papers dealing with uniqueness results for constant mean curvature (CMC) spacelike hypersurfaces we can point out [11] , [15] and [23] , although a previous relevant result in this direction was the proof of the Calabi-Bernstein conjecture [13] for the (n + 1)-dimensional Lorentz-Minkowski spacetime given by Cheng and Yau [14] . More recently, these kind of uniqueness results have been extended to a wide variety of spacetimes (see for instance [4] , [25] and [26] ).
In this article, we will study spacelike hypersurfaces in the family of cosmological models known as Generalized Robertson-Walker (GRW) spacetimes. GRW spacetimes are warped products whose negative definite base represents a universal time and whose fiber is an arbitrary Riemannian manifold (see Section 2) . These spacetimes play a relevant role in Physics as well as extend the classical notion of Robertson-Walker spacetime to the case when the fiber does not necessarily have constant sectional curvature [4] . On the other hand, deformations of the metric on the fiber of classical Robertson-Walker spacetimes as well as GRW spacetimes with a time-dependent conformal change of metric also fit into the class of GRW spacetimes. In fact, in this paper we will deal with spatially closed GRW spacetimes, that is, GRW spacetimes whose fiber is compact [4, Prop. 3.2] .
In any GRW spacetime there is a remarkable family of observers, the so-called comoving observers, which are collected as the integral curves of the reference frame ∂ t [30] . The volume of the physical space measured by any comoving observer γ at an instant t of its proper time is given by Vol γ (t) = f (t) n Vol(F ),
where Vol(F ) is the volume of the fiber F and f represents the warping function. Indeed, the comoving observers determine a foliation of the GRW spacetime by spacelike slices, which are their restspaces. From (1), we see that the volume change that the comoving observers measure for the spacelike slices is given by the function nf (t) n−1 f ′ (t). In general, we can consider the volume variation of the leaves of a foliation of the spacetime by closed spacelike hypersurfaces and ask ourselves the following question:
Does there exist another (local) foliation of a spatially closed GRW spacetime by closed spacelike hypersurfaces with the same volume variation that the comoving observers measure for their restspaces?
Since a compact spacelike hypersurface in a spatially closed GRW spacetime with simply connected fiber is a graph [4, Prop. 3.3] , to obtain the volume variation of the leaves of a foliation by spacelike hypersurfaces we will study the volume variation of spacelike graphs. Thus, let us consider in M the graph Σ u = {(u(p), p) : p ∈ F }, where F is the fiber, u ∈ C ∞ (F ) and u(F ) ⊂ I. The induced metric on F from the Lorentzian metric on M (see Section 2), via the graph Σ u is given by
where g is the metric on F . The metric g u is positive definite (i.e., Σ u is spacelike) if and only if u satisfies |Du| < f (u). In this case
is a future pointing unit normal vector field on Σ u . Hence, the volume of this spacelike graph is
where dV F is the canonical measure on F given by g.
Taking (1) and (4) into account, we can easily see that the spacelike graphs that answer our question will be the ones defined by a function that solves the following variational problem:
Let f : I −→ R be a positive smooth function on an open interval I ⊆ R and let (F, g) be an n-dimensional compact Riemannian manifold. Consider the class of smooth real valued functions u on F such that u(F ) ⊂ I and the length of the gradient of u in (F, g) satisfies |Du| < f (u). On this class consider the functional
Note that the stationary points of this functional will determine foliations of M by spacelike graphs with the same volume variation than the foliation by spacelike slices. For stationary points of this functional, the Euler-Lagrange equation is written as
being H(u) the smooth function given by
where div represents the divergence operator in (F, g).
Indeed, H(u) represents the mean curvature of Σ u in M with respect to N . Thus, the variational problem that answers our question is equivalent to a mean curvature prescription problem.
The study of the prescribed mean curvature Dirichlet problem began in the Euclidean context with Serrin's work [32] , who found necessary and sufficient conditions for its solvability. In LorentzMinkowski spacetime, a crucial result on necessary and sufficient conditions for the existence of smooth strictly spacelike solutions of the Dirichlet problem for the mean curvature operator was given in [8] by Bartnik and Simon. Gerhardt [19] also studied the existence of closed spacelike hypersurfaces with prescribed mean curvature in a globally hyperbolic Lorentzian manifold with a compact Cauchy hypersurface. Later, Ecker and Huisken gave a simpler proof in [18] for some of the results in [19] using an evolutionary approach. However, they needed to impose restrictive assumptions to obtain their results. Finally, Gerdhart showed in [20] that the evolutionary method could be used to prove his earlier result without imposing additional assumptions. More recently, several authors have also studied mean curvature prescription problems in Lorentz-Minkowski spacetime (see [7] , [9] , [16] and references therein) as well as in more general ambiences [17] . Note that these papers deal with local solutions, whereas we will give uniqueness results for global solutions of our problem.
Hence, in this article we will prove some uniqueness results for entire solutions of a prescribed mean curvature problem in a more general family of spacetimes, namely, Generalized RobertsonWalker spacetimes with compact fiber. In fact, the prescription function will be the Hubble function f ′ /f , which has an important physical meaning in General Relativity. Therefore, we will study the problem of determining the compact spacelike hypersurfaces immersed in this class of spacetimes whose mean curvature function at each point is the same than the mean curvature of the spacelike slice that passes through that point. As we have previously seen, this problem is equivalent to find the observers that measure a physical space with the same volume variation that the comoving ones measure for the spacelike slices when the fiber is simply connected.
We can make some comments on the meaning of (E): 1) This equation represents a mean curvature prescription problem, i.e., we are dealing with a nonlinear elliptic problem.
2) The right member of (E.1) is, at each point (u(p), p) ∈ M , the mean curvature of the spacelike slice t = u(p).
3) However, this is not a comparison assumption between extrinsic quantities of two spacelike hypersurfaces in M , since the right member of (E.1) corresponds to a spacelike slice that changes at each point. 4) When the warping function is constant, (E) turns into the well-known maximal hypersurface equation.
The existence of local solutions of the nonlinear elliptic problem (E) is ensured by [22, Thm. 4.3] . Nevertheless, here we are interested in global (i.e., entire) solutions of the problem. Concretely, in this article we will state several uniqueness results for entire solutions of (E).
The main achievement in this article is the following uniqueness result for equation (E)
Let F be an n-dimensional compact Riemannian manifold and let f : I −→]0, ∞[ be a smooth function such that f ′ is signed. Then, the only entire solutions of equation (E) are the constant functions.
This result is in fact a consequence of Corollary 4. Indeed, problems related to the one solved in Corollary 4 have been previously studied in the particular case where the fiber is a complete noncompact Riemannian surface (see [12] , [27] and [29] ) as well as for compact 2-dimensional Riemannian fiber in [28] . The techniques used in these cases strongly depended on the rich conformal geometry in the 2-dimensional case. Here, we deal with this problem when the fiber F is a compact Riemannian manifold of arbitrary dimension. Our approach to equation (E) is purely geometric, since we study first a parametric version of the problem (Theorem 1) that will enable us to solve (E).
Furthermore, we will also solve equation (E) in the case where F = S n , the unit round nsphere and f : R −→ R, f (t) = cosh(t), i.e., for entire spacelike graphs in de Sitter spacetime M = R × cosh(t) S n . In order to do so, we will deal with the more general problem of deciding when a compact spacelike hypersurface M in an Einstein GRW spacetime whose mean curvature
f (τ ) , being the right member the restriction of the Hubble function to M , is a spacelike slice (Theorem 10). We have done this by means of a new application of a well-known integral formula (see Section 4). Thus, we have (Corollary 12)
The only entire solutions on S n of
are the constant functions.
Finally, in Section 5 we will deal with GRW spacetimes obeying the so-called Null Convergence Condition (NCC). This curvature assumption is satisfied by a great deal of relevant cosmological models, including some describing inflationary scenarios. Moreover, it appears as a natural assumption when studying spacetimes' singularities. Following an analogous procedure as in the previous section, we classify the compact spacelike hypersurfaces satisfying H =
f (τ ) in certain GRW spacetimes obeying NCC (Theorem 13). As a consequence we get (Corollary 15)
Let F be an n-dimensional compact Riemannian manifold and let f : I −→]0, ∞[ be a smooth function such that log f is convex. If the Ricci curvature of F is strictly bounded from below by (n − 1) sup f 2 (log f ) ′′ or log f is strictly convex, then the only entire solutions of equation (E) are the constant functions.
Preliminaries
Let (F, g) be an n(≥ 2)-dimensional (connected) Riemannian manifold, I an open interval in R and f a positive smooth function defined on I. Now, consider the product manifold M = I × F endowed with the Lorentzian metric
where π I and π F denote the projections onto I and F , respectively. The Lorentzian manifold (M , g) is a warped product (in the sense of [24] ) with base (I, −dt 2 ), fiber (F, g) and warping function f . If we endow (M , g) with the time orientation induced by ∂ t := ∂/∂t we can call it an (n + 1)-dimensional Generalized Robertson-Walker (GRW) spacetime.
The distinguished vector field K := f (π I ) ∂ t is timelike and future pointing. From the relation between the Levi-Civita connection of M and those of the base and the fiber [24, Cor. 7 .35], it follows that
for any X ∈ X(M ), where ∇ is the Levi-Civita connection of the Lorentzian metric (7). Hence, K is conformal and its metrically equivalent 1-form is closed.
Given an n-dimensional manifold M , an immersion ψ : M → M is said to be spacelike if the Lorentzian metric (7) induces, via ψ, a Riemannian metric g M on M . In this case, M is called a spacelike hypersurface. We will denote by τ := π I • ψ the restriction of π I along ψ.
The time-orientation of M allows to take, for each spacelike hypersurface M in M , a unique unitary timelike vector field N ∈ X ⊥ (M ) globally defined on M with the same time-orientation as ∂ t . Hence, from the wrong way Cauchy-Schwarz inequality, (see [24, Prop. 5 .30]) we obtain g(N, ∂ t ) ≤ −1 and g(N, ∂ t ) = −1 at a point p ∈ M if and only if N (p) = ∂ t (p). We will denote by A the shape operator associated to N . Then, the mean curvature function associated to N is given by H := −(1/n)trace(A). As it is well-known, the mean curvature is constant if and only if the spacelike hypersurface is, locally, a critical point of the n-dimensional area functional for compactly supported normal variations, under certain constraints of the volume [10] . When the mean curvature vanishes identically, the spacelike hypersurface is called a maximal hypersurface [23] .
In any GRW spacetime M = I × f F there is a remarkable family of spacelike hypersurfaces, namely its spacelike slices {t 0 } × F , t 0 ∈ I. It can be easily seen that a spacelike hypersurface in M is a (piece of) spacelike slice if and only if the function τ is constant. Furthermore, a spacelike hypersurface M in M is a (piece of) spacelike slice if and only if M is orthogonal to ∂ t . The shape operator of the spacelike slice t = t 0 is given by A = −f ′ (t 0 )/f (t 0 ) I, where I denotes the identity transformation, and therefore its (constant) mean curvature is equal to the Hubble function at t 0 , i.e., H = f ′ (t 0 )/f (t 0 ). Thus, a spacelike slice is maximal if and only if f ′ (t 0 ) = 0 (and hence, totally geodesic).
Let ψ : M → M be an n-dimensional spacelike hypersurface immersed in a Generalized Robertson-Walker spacetime M = I × f F . If we denote by ∂ T t := ∂ t + g(N, ∂ t )N the tangential component of ∂ t along ψ, then it is easy to check that the gradient of τ :
Moreover, since the tangential component of K along ψ is given by
On the other hand, if we represent by ∇ the Levi-Civita connection of the metric g M , then the Gauss and Weingarten formulas for the immersion ψ are given, respectively, by
and
where X, Y ∈ X(M ). Then, taking the tangential component in (8) and using (11) and (12), we get
where X ∈ X(M ) and f
, it follows from (9) and (13) that the Laplacian of τ on M is
3 Uniqueness results when the warping function is monotone Now, we are able to obtain some uniqueness results. In fact, we may wonder if there are any other compact spacelike hypersurfaces apart from the spacelike slices satisfying H =
f (τ ) . Indeed, we will go one step further
Theorem 1
The only compact spacelike hypersurfaces in a GRW spacetime whose mean curvature function satisfies H ≤
f (τ ) with f ′ (τ ) ≥ 0) are the spacelike slices.
Proof. Let us consider a primitive function F of f and write F (τ ) for the restriction of F • π I on M. Note that ∇F (τ ) = f (τ )∇τ. Using (14) we can compute this function's Laplacian
From our assumptions and (15) we have
Hence, the compactness of M implies that F must be constant. Consequently, ∇F (τ ) = f (τ )∇τ = 0 and M is a spacelike slice. We can prove analogously the other statement.
In particular, we have obtained
The only compact spacelike hypersurfaces in a GRW spacetime such that f ′ (τ ) is signed and whose mean curvature function
f (τ ) are the spacelike slices.
Remark 2 Following the ideas in [24, Chap. 12] , consider in the spacetime M = I × f F for p ∈ F the integral curve γ p of the galactic flow ∂ t through p, i.e., each γ p represents the evolution of a galaxy in M . The time function t may be seen as the common proper time of every γ p . On the spacelike slice t = t 0 the distance with respect to the induced Riemannian metric between two galaxies at the same time (t 0 , p),
, where d F is the distance associated to (F, g). Thus, the assumption f ′ ≥ 0 (resp., f ′ ≤ 0) means that any two galaxies are not coming together (resp., not spreading out).
Therefore, the previous result gives
The only compact spacelike hypersurfaces in a non-expanding (resp. non-contracting) GRW spacetime whose mean curvature function satisfies H ≤
f (τ ) ) are the spacelike slices.
Remark 3 Notice that in Theorem 1: a) There is no curvature assumption on the spacetime . In fact, if we wanted to obtain a similar result using the technique suggested in [28, Rem. 2.3], we would need to impose these kind of curvature restrictions. b) The compactness assumption on the hypersurface cannot be weakened to completeness. Indeed, a trivial obstruction is given by any spacelike hyperplane in the (n + 1)-dimensional Lorentz-Minkowski spacetime. Even more, there exist complete spacelike hypersurfaces in the (n + 1)-dimensional steady state spacetime satisfying H = 1 different from the spacelike slices [1] . c) Despite f ′ not being signed, we can add some assumption to the spacelike hypersurface in order to apply Theorem 1 (see Proposition 8) . d) If the inequality satisfied by the mean curvature function is strict the result turns into a nonexistence one.
As a consequence of Theorem 1, we have the following uniqueness result Corollary 4 Let F be an n-dimensional compact Riemannian manifold and let f : I −→]0, ∞[ be a smooth function such that f ′ ≤ 0 (resp. f ′ ≥ 0). Then, the only entire solutions of
The previous result contains the following nonparametric Calabi-Bernstein type result for (E).
We end this section highlighting that in Theorem 1 H and f ′ (τ ) are equally signed. However, if they have different sign we get Proposition 5 The only compact spacelike hypersurfaces in a non-contracting (resp. non-expanding) GRW spacetime whose mean curvature function satisfies H ≤ 0 (resp., H ≥ 0) are the totally geodesic spacelike slices.
Proof. From our assumptions we have Hf ′ (τ ) ≤ 0. Now, using (14) we obtain that ∆τ is signed. Since the hypersurface is compact, it must be a spacelike slice. Moreover, the only spacelike slices that satisfy this assumption are the totally geodesic ones.
Remark 6 It should be noticed that the technique used to prove Theorem 1 may be extended to deal with other elliptic operators on the spacelike hypersurface M appart from the Laplacian. In fact, associated to the kth Newton transformation on M , P k , 0 ≤ k ≤ n, there exists a second order linear differential operator L k on C ∞ (M ) (see [2] and [3] for further details). Actually, L 0 is nothing but the Laplacian on M .
As it is shown in [3, Lemma 3.3] , if there exists an elliptic point (for a suitable choice of N ) and the (k + 1)th mean curvature H k+1 satisfies H k+1 > 0 for some 2 ≤ k ≤ n − 1, then L j is elliptic for 1 ≤ j ≤ k. Concretely, we can state Theorem 7 Let ψ : M → M be a compact spacelike hypersurface in a GRW spacetime such that H k+1 > 0 for some 2 ≤ k ≤ n − 1. If any H j vanishes nowhere and satisfies
Proof. Firstly, we have from [3, Lemma 5.3] that there exists an elliptic point of M with respect to an appropiate choice of N . Therefore, from this fact and
where
Hence, taking our assumptions into account we obtain that L j (F (τ )) is signed. Since M is compact and L j is an elliptic operator, the classical maximum principle can be called to conclude that F (τ ) is constant and M is a spacelike slice.
Uniqueness results for Einstein GRW spacetimes
We begin this section pointing out that in order to apply the results obtained before to the relevant case of de Sitter spacetime M = R × cosh(t) S n we need extra assumptions. Hence, directly from Theorem 1 and Proposition 5 we get, respectively Proposition 8 The only compact spacelike hypersurfaces with τ ≤ 0 (resp., τ ≥ 0) in de Sitter spacetime M = R × cosh(t) S n whose mean curvature function satisfies H ≤ tanh(τ ) (resp., H ≥ tanh(τ )) are the spacelike slices.
Proposition 9
The only compact spacelike hypersurface with τ ≥ 0 (resp. τ ≤ 0) and non-positive (resp., non-negative) mean curvature in de Sitter spacetime M = R× cosh(t) S n is the totally geodesic spacelike slice {0} × S n .
Of course, two nonparametric uniqueness results can be deduced from these propositions where the signs of the involved functions must be suitably assumed. However, as we will show now, if the GRW spacetime is Einstein we can deal with equation (E) without the sign restriction. In order to do so, we will give a new application of an integral formula that was obtained in [4] . Namely, for a compact spacelike hypersurface M in a GRW spacetime M we have
where ∇H represents the gradient of the mean curvature function of M .
Note that a GRW spacetime is Einstein with Ric = c g if and only if its fiber (F, g) has constant Ricci curvature c and f satisfies the equations
The positive solutions of (17) were given in [5] . Furthermore, from (17) we also have
Taking into account (16) and (18), we can state the following result Theorem 10 Let M be a compact spacelike hypersurface in an Einstein GRW spacetime whose mean curvature function verifies H =
. If the constant Ricci curvature of the fiber satisfies c ≥ 0, then M is totally umbilic. Moreover, if c > 0, M must be a spacelike slice.
Proof. From our assumptions and (18), the gradient of H =
Thus, using (19) we can write (16) as
where we have used (18) . The result follows using that the Schwarz inequality gives trace(A 2 ) − nH 2 ≥ 0, with equality holding if and only if M is totally umbilic.
Particularly, in the case of de Sitter spacetime, the previous result yields to
Corollary 11
The only compact spacelike hypersurfaces in de Sitter spacetime M = R × cosh(t) S n whose mean curvature function satisfies H = tanh(τ ) are the spacelike slices.
Taking into account (6) and Corollary 11 we are able to get
Corollary 12
The only entire solutions on
Uniqueness results for GRW spacetimes obeying NCC
A Lorentzian spacetime obeys the Timelike Convergence Condition (TCC) if its Ricci tensor satisfies Ric(X, X) ≥ 0, for all timelike vectors X. It is usually argued that TCC is the mathematical way to express that gravity, on average, attracts (see [30] 
for all lightlike vectors Z, i.e., Z = 0 satisfying g(Z, Z) = 0. An easy continuity argument shows that TCC implies NCC. It is well known that a GRW spacetime M = I × f F satisfies NCC if and only if Ric
where Ric F , denotes the Ricci curvature of the fiber. In particular, if F is compact, then every GRW spacetime with Ric F > (n − 1) sup f 2 (log f ) ′′ strictly obeys NCC.
Now, we will make use again of formula (16) to state Theorem 13 Let M be a compact spacelike hypersurface in a GRW spacetime whose mean curvature function verifies H =
. If the spacetime obeys NCC and its warping function satisfies (log f ) ′′ ≥ 0, then M is totally umbilic. Moreover, if NCC is strictly satisfied or (log f ) ′′ > 0 on M , then M must be a spacelike slice.
Proof. From (16), we have
Moreover, writing 
Besides, from [24, Cor. 7 .43] we know that Ric(∂ t , ∂ t ) = −n f ′′ (τ ) f (τ ) (24) and
Hence, using (24) and (25) in (23) as well as the fact that g(N F , N F ) = −1 + g(∂ t , N ) 2 , we obtain from (21) that the second term in (5) is non-positive under NCC. On the other hand, the first term is non-positive when (log f ) ′′ ≥ 0. Therefore, M is totally umbilic. Moreover, we also obtain Ric(∂ 
Remark 14
Notice that Theorem 13 can be extended to a more abstract scenario changing the assumption on the mean curvature of M to H = ϕ(τ ), being ϕ : I −→ R smooth and increasing.
As a consequence of the previous theorem, we obtain the following Calabi-Bernstein type result Corollary 15 Let F be an n-dimensional compact Riemannian manifold and let f : I −→]0, ∞[ be a smooth function such that log f is convex. If the Ricci curvature of F is strictly bounded from below by (n − 1) sup f 2 (log f ) ′′ or log f is strictly convex, then the only entire solutions of equation (E) are the constant functions.
Conclusions
Finally, the results that we have previously obtained enable us to answer our initial question. This is due to the fact that the mean curvature prescription problem that we have solved is equivalent to our initial problem of finding the foliations of a spatially closed GRW spacetime with simply connected fiber by spacelike hypersurfaces whose volume variation is the same that the one measured by the comoving observers for their restspaces. Therefore, our uniqueness results for equation (E) lead to characterize the foliation by spacelike slices by their volume variation in a wide variety of models with physical interest, including de Sitter spacetime (Corollary 12) as well as other spatially closed GRW spacetime with simply connected fiber where the warping function is monotone (Corollary 4) or where NCC is strictly satisfied (Corollary 15).
